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Abstract
In this article, we tentatively assign the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080)
to be the D-wave baryon states with the spin-parity JP = 3
2
+
, 5
2
+
, 3
2
+
and 5
2
+
,
respectively, and study their masses and pole residues with the QCD sum rules in a
systematic way by constructing three-types interpolating currents with the quantum
numbers (Lρ, Lλ) = (0, 2), (2, 0) and (1, 1), respectively. The present predictions favor
assigning the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080) to be the D-wave baryon
states with the quantum numbers (Lρ, Lλ) = (0, 2) and J
P = 3
2
+
, 5
2
+
, 3
2
+
and 5
2
+
,
respectively. While the predictions for the masses of the (Lρ, Lλ) = (2, 0) and (1, 1)
D-wave Λc and Ξc states can be confronted to the experimental data in the future.
PACS number: 14.20.Lq
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1 Introduction
Recently, the LHCb collaboration studied the mass spectrum of excited Λ+c states that
decay intoD0p, and observed a new resonance Λc(2860)
+ near threshold [1]. The measured
masses, widths and quantum numbers of the Λc(2860)
+, Λc(2880)
+ and Λc(2940)
+ states
are
Λc(2860) :M = 2856.1
+2.0
−1.7 ± 0.5+1.1−5.6 MeV , Γ = 67.6+10.1−8.1 ± 1.4+5.9−20.0 MeV , JP =
3
2
+
,
Λc(2880) :M = 2881.75 ± 0.29 ± 0.07+0.14−0.20 MeV , Γ = 5.43+0.77−0.71 ± 0.29+0.75−0.00 MeV , JP =
5
2
+
,
Λc(2940) :M = 2944.8
+3.5
−2.5 ± 0.4+0.1−4.6 MeV , Γ = 27.7+8.2−6.0 ± 0.9+5.2−10.4 MeV , JP =
3
2
−
, (1)
but other assignments with the spins J = 12 to
7
2 are not excluded for the Λc(2940)
+ [1].
The Λc(2880)
+ was first observed by the CLEO collaboration in the Λ+c pi
+pi− channel [2],
confirmed by the BaBar collaboration in the D0p channel [3] and the Belle collaboration
in the Σc(2455/2520)
0,++pi+,− channels [4]. The available experimental analysis indicates
that the Λc(2880)
+ has the spin-parity JP = 52
+
. The theoretical predictions for the
masses of the D-wave Λ+c baryon states with J
P = 32
+
and 52
+
are about (2.85−2.90)GeV
[5, 6, 7, 8, 9, 10]. The Λc(2860)
+ and Λc(2880)
+ can be assigned to be the D-wave charmed
baryon states.
Their strange cousins Ξc(3055)
+ and Ξc(3080)
+ were observed in the channel Λ+c K
−pi+
by the Belle collaboration [11] and in the channels Σc(2455/2520)
++K− by the BaBar
collaboration [12]. In 2016, the Ξc(3055)
+ and Ξc(3055)
0 were first observed by the Belle
1E-mail: zgwang@aliyun.com.
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collaboration in the D+Λ and D0Λ channels, respectively [13], the measured masses and
widths were
Ξc(3055)
+ :M = 3055.8 ± 0.4 ± 0.2 MeV , Γ = 7.8± 1.2± 1.5 MeV ,
Ξc(3055)
0 :M = 3059.0 ± 0.5± 0.6 MeV , Γ = 6.4± 2.1 ± 1.1 MeV , (2)
furthermore, the Belle collaboration observed the first evidence for the Ξc(3080)
+ with
the estimated mass 3077.9 ± 0.9MeV and width 3.0 ± 0.7 ± 0.4MeV. The theoretical
predictions of the masses of the D-wave Ξc baryon states with J
P = 32
+
and 52
+
are
about (3.05 − 3.10)GeV [5, 6, 7, 8, 9, 10], the Ξc(3055)+, Ξc(3055)0 and Ξc(3080)+ can
be assigned to be the D-wave charmed baryon states.
In this article, we tentatively assign the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080)
to be the D-wave charmed baryon states with the spin-parity JP = 32
+
, 52
+
, 32
+
and
5
2
+
, respectively, and study their masses and pole residues with the QCD sum rules in a
systematic way. The QCD sum rules is a powerful theoretical approach in studying the
ground state mass spectrum of the heavy baryon states, and has given many successful
descriptions [8, 14, 15, 16, 17, 18, 19].
We can construct the interpolating currents without introducing the relative P-wave to
study the negative parity heavy, doubly-heavy and triply-heavy baryon states [14, 15, 16],
or introducing the relative P-wave explicitly to study the negative parity heavy, doubly-
heavy and triply-heavy baryon states [18, 19]. For the D-wave heavy baryon states, it is
better to introduce the relative D-wave explicitly to study them with the QCD sum rules
[8]. In Ref.[8], Chen et al study the mass spectrum of the D-wave heavy baryon states with
the QCD sum rules combined with the heavy quark effective theory in a systematic way. In
this article, we study the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080) as the D-wave heavy
baryon states with the full QCD sum rules by introducing the relative D-wave explicitly
in constructing the interpolating currents, which differ from the currents constructed in
Ref.[8].
The article is arranged as follows: we derive the QCD sum rules for the masses and
pole residues of the D-wave 32
+
and 52
+
charmed baryon states in Sect.2; in Sect.3, we
present the numerical results and discussions; and Sect.4 is reserved for our conclusion.
2 QCD sum rules for the D-wave 32
+
and 52
+
charmed baryon
states
Firstly, we write down the two-point correlation functions Παβ(p) and Παβµν(p) in the
QCD sum rules,
Παβ(p) = i
∫
d4xeip·x〈0|T {J/ηα(x)J¯/η¯β(0)} |0〉 ,
Παβµν(p) = i
∫
d4xeip·x〈0|T {J/ηαβ(x)J¯/η¯µν(0)} |0〉 , (3)
2
where J/ηα(x) = J/η
1
α(x), J/η
2
α(x), J/η
3
α(x), J/ηαβ(x) = J/η
1
αβ(x), J/η
2
αβ(x), J/η
3
αβ(x),
J1α(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5sj(x) + ∂
µqTi (x)Cγ5∂
νsj(x) + ∂
νqTi (x)Cγ5∂
µsj(x)
+qTi (x)Cγ5∂
µ∂νsj(x)
]
Γµναck(x) ,
J2α(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5sj(x)− ∂µqTi (x)Cγ5∂νsj(x)− ∂νqTi (x)Cγ5∂µsj(x)
+qTi (x)Cγ5∂
µ∂νsj(x)
]
Γµναck(x) ,
J3α(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5sj(x)− qTi (x)Cγ5∂µ∂νsj(x)
]
Γµναck(x) , (4)
η1α(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x) + ∂
µqTi (x)Cγ5∂
νq′j(x) + ∂
νqTi (x)Cγ5∂
µq′j(x)
+qTi (x)Cγ5∂
µ∂νq′j(x)
]
Γµναck(x) ,
η2α(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x)− ∂µqTi (x)Cγ5∂νq′j(x)− ∂νqTi (x)Cγ5∂µq′j(x)
+qTi (x)Cγ5∂
µ∂νq′j(x)
]
Γµναck(x) ,
η3α(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x)− qTi (x)Cγ5∂µ∂νq′j(x)
]
Γµναck(x) , (5)
J1αβ(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5sj(x) + ∂
µqTi (x)Cγ5∂
νsj(x) + ∂
νqTi (x)Cγ5∂
µsj(x)
+qTi (x)Cγ5∂
µ∂νsj(x)
]
Γµναβck(x) ,
J2αβ(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5sj(x)− ∂µqTi (x)Cγ5∂νsj(x)− ∂νqTi (x)Cγ5∂µsj(x)
+qTi (x)Cγ5∂
µ∂νsj(x)
]
Γµναβck(x) ,
J3αβ(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5sj(x)− qTi (x)Cγ5∂µ∂νsj(x)
]
Γµναβck(x) , (6)
η1αβ(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x) + ∂
µqTi (x)Cγ5∂
νq′j(x) + ∂
νqTi (x)Cγ5∂
µq′j(x)
+qTi (x)Cγ5∂
µ∂νq′j(x)
]
Γµναβck(x) ,
η2αβ(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x)− ∂µqTi (x)Cγ5∂νq′j(x)− ∂νqTi (x)Cγ5∂µq′j(x)
+qTi (x)Cγ5∂
µ∂νq′j(x)
]
Γµναβck(x) ,
η3αβ(x) = ε
ijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x)− qTi (x)Cγ5∂µ∂νq′j(x)
]
Γµναβck(x) , (7)
with
Γµνα =
(
gµαgνβ + gµβgνα − 1
2
gµνgαβ
)
γβγ5 ,
Γµναβ = gµαgνβ + gµβgνα − 1
6
gµνgαβ − 1
4
gµαγνγβ − 1
4
gµβγνγα − 1
4
gναγµγβ − 1
4
gνβγµγα
+
1
24
γµγαγνγβ +
1
24
γµγβγνγα +
1
24
γνγαγµγβ +
1
24
γνγβγµγα , (8)
q, q′ = u, d, the i, j, k are color indices, the C is the charge conjugation matrix. The
currents satisfy the relations γαJ iα(x) = γ
αηiα(x) = 0, γ
αJ iαβ(x) = γ
αηiαβ(x) = 0,
3
γβJ iαβ(x) = γ
βηiαβ(x) = 0, where i = 1, 2, 3. We choose the currents J/η
i
α(x) and J/η
i
αβ(x)
to interpolate the JP = 32
+
and 52
+
charmed baryon states, respectively. In this article,
we tentatively assign the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080) to be the D-wave
charmed baryon states with the spin-parity JP = 32
+
, 52
+
, 32
+
and 52
+
, respectively, the
currents Jα(x), Jαβ(x), ηα(x) and ηαβ(x) may couple potentially to the Λc(2860), Λc(2880),
Ξc(3055) and Ξc(3080), respectively.
Now we take a short digression to illustrate how to construct the currents. The attrac-
tive interaction of one-gluon exchange favors formation of the diquarks in color antitriplet
3c [20]. The color antitriplet diquarks ε
ijkqTj CΓq
′
k have five structures in Dirac spinor
space, where CΓ = Cγ5, C, Cγµγ5, Cγµ and Cσµν for the scalar, pseudoscalar, vector,
axialvector and tensor diquarks, respectively. The structures Cγµ and Cσµν are symmet-
ric, while the structures Cγ5, C and Cγµγ5 are antisymmetric. The calculations based on
the QCD sum rules indicate that the favored configurations are the Cγ5 and Cγµ diquark
states, while the most favored configurations are the Cγ5 diquark states [21].
We usually construct the heavy baryon states according to the light-diquark-heavy-
quark model. In the diquark-quark models, the angular momentum between the two light
quarks is denoted by Lρ, while the angular momentum between the light diquark and
the heavy quark is denoted by Lλ. If the two light quarks in the diquark are in relative
S-wave or Lρ = 0, then the baryons with the J
P = 0+ and 1+ diquarks (the ground state
diquarks) are called Λ-type and Σ-type baryons, respectively [22]. We can denote the Cγ5
and Cγµ diquarks as J
P
d = 0
+
d and 1
+
d , respectively, the relative P-wave and D-wave as
JPρ/λ = L
P
ρ/λ = 1
−
ρ/λ and 2
+
ρ/λ, respectively, the c-quark as J
P
c =
1
2
+
c
, then we construct the
D-wave baryon states according to the routines,
0+d ⊗ 2+ρ/λ ⊗
1
2
+
c
= 2+ ⊗ 1
2
+
c
=
3
2
+
⊕ 5
2
+
, (9)
0+d ⊗ 1−ρ ⊗ 1−λ ⊗
1
2
+
c
=
[
0+ ⊕ 1+ ⊕ 2+]⊗ 1
2
+
c
=
1
2
+
⊕
[
1
2
+
⊕ 3
2
+
]
⊕
[
3
2
+
⊕ 5
2
+
]
, (10)
1+d ⊗ 2+ρ/λ ⊗
1
2
+
c
=
[
1+ ⊕ 2+ ⊕ 3+]⊗ 1
2
+
c
=
[
1
2
+
⊕ 3
2
+
]
⊕
[
3
2
+
⊕ 5
2
+
]
⊕
[
5
2
+
⊕ 7
2
+
]
,
1+d ⊗ 1−ρ ⊗ 1−λ ⊗
1
2
+
c
=
[
0− ⊕ 1− ⊕ 2−]⊗ 1−λ ⊗ 12+c
=
[
1+ ⊕ [0+ ⊕ 1+ ⊕ 2+]⊕ [1+ ⊕ 2+ ⊕ 3+]]⊗ 1
2
+
c
=
[
1
2
+
⊕ 3
2
+
]
⊕ 1
2
+
⊕
[
1
2
+
⊕ 3
2
+
]
⊕
[
3
2
+
⊕ 5
2
+
]
⊕
[
1
2
+
⊕ 3
2
+
]
⊕
[
3
2
+
⊕ 5
2
+
]
⊕
[
5
2
+
⊕ 7
2
+
]
. (11)
It is difficult or impossible to construct currents to interpolate all the D-wave baryon
states with JP = 12
+
, 32
+
, 52
+
and 72
+
in a systematic way. In this article, we study the
underlined D-wave baryon states with JP = 32
+
and 52
+
in details based on the most
favored configurations Cγ5 [21]. Experimentally, the measured quantum numbers of the
Λc(2860)
+ and Λc(2880)
+ are JP = 32
+
and 52
+
respectively from the LHCb collaboration
[1], while the masses of the Ξc(3055)
+, Ξc(3055)
0 and Ξc(3080)
+ are consistent with the
4
theoretical predictions of the D-wave Ξc baryon states with J
P = 32
+
and 52
+
[5, 6, 7, 8,
9, 10].
We can choose either the partial derivative ∂µ or the covariant derivative Dµ to con-
struct the interpolating currents. The currents with the covariant derivative Dµ are gauge
invariant, but blur the physical interpretation of the
↔
Dµ=
→
∂ µ −igsGµ−
←
∂ µ −igsGµ being
the angular momentum. The currents with the partial derivative ∂µ are not gauge in-
variant, but manifests the physical interpretation of the
↔
∂ µ=
→
∂ µ −
←
∂ µ being the angular
momentum. In Ref.[23], we study the masses and decay constants of the heavy tensor
mesons D∗2(2460), D
∗
s2(2573), B
∗
2(5747) and B
∗
s2(5840) with the QCD sum rules. In calcu-
lations, we observe that the predictions based on the currents with the partial derivative
and covariant derivative differ from each other about 1%, if the same parameters are cho-
sen. If we refit the Borel parameters and threshold parameters, the differences about 1%
can be reduced remarkably, so the currents with the partial derivative work well. In this
article, we choose the partial derivative ∂µ to construct the interpolating currents. Fur-
thermore, from the Table 1 in Section 3, we can see that the dominant contributions come
from the perturbative terms, so neglecting the contributions originate from the gluons in
the covariant derivative Dµ cannot change the conclusion.
For Lρ = 1 and Lλ = 0, the light diquark state with J
P = 1− can be written as
εijk
[
∂νqTi (x)Cγ5q
′
j(x)− qTi (x)Cγ5∂νq′j(x)
]
, (12)
then we introduce an additional P-wave between the two quarks q and q′, and obtain the
light diquark state with Lρ = 2, Lλ = 0 and J
P = 2+,
εijk
{[
∂µ∂νqTi (x)Cγ5q
′
j(x)− ∂νqTi (x)Cγ5∂µq′j(x)
]− [∂µqTi (x)Cγ5∂νq′j(x)
−qTi (x)Cγ5∂µ∂νq′j(x)
]}
. (13)
In the heavy quark limit, the c-quark is static, the
↔
∂ µ is reduced to
←
∂ µ when operating
on the c-quark field. For Lρ = 0 and Lλ = 2, the light diquark state with J
P = 2+ can be
written as
∂µ∂ν
[
εijkqTi (x)Cγ5q
′
j(x)
]
= εijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x) + ∂
µqTi (x)Cγ5∂
νq′j(x)
+∂νqTi (x)Cγ5∂
µq′j(x) + q
T
i (x)Cγ5∂
µ∂νq′j(x)
]
. (14)
For Lρ = 1 and Lλ = 1, the light diquark state with J
P = 2+ can be written as
∂µεijk
[
∂νqTi (x)Cγ5q
′
j(x)− qTi (x)Cγ5∂νq′j(x)
]
= εijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x) + ∂
νqTi (x)Cγ5∂
µq′j(x)− ∂µqTi (x)Cγ5∂νq′j(x)
−qTi (x)Cγ5∂µ∂νq′j(x)
]
. (15)
We symmetrize the Lorentz indexes µ and ν, and obtain the light diquark state with
Lρ = 1 and Lλ = 1 in a more simple form,
εijk
[
∂µ∂νqTi (x)Cγ5q
′
j(x)− qTi (x)Cγ5∂µ∂νq′j(x)
]
. (16)
The light diquark states with JP = 2+ then combine with the c-quark to form JP = 32
+
or 52
+
baryon states, see Eqs.(9-10).
5
The interpolating currents can be classified by
(Lρ, Lλ) = (0, 2) for J/η
1
α(x) , J/η
1
αβ(x) ,
(Lρ, Lλ) = (2, 0) for J/η
2
α(x) , J/η
2
αβ(x) ,
(Lρ, Lλ) = (1, 1) for J/η
3
α(x) , J/η
3
αβ(x) . (17)
The currents J/ηα(0) and J/ηαβ(0) couple potentially to the
3
2
±
and 52
±
charmed
baryon states B±3
2
and B±5
2
, respectively [17, 24, 25], which are supposed to be the excited
Λc or Ξc states,
〈0|J/ηα(0)|B+3
2
(p)〉 = λ+3
2
U+α (p, s) ,
〈0|J/ηαβ(0)|B+5
2
(p)〉 = λ+5
2
U+αβ(p, s) , (18)
〈0|J/ηα(0)|B−3
2
(p)〉 = λ−3
2
iγ5U
−
α (p, s) ,
〈0|J/ηαβ(0)|B−5
2
(p)〉 = λ−5
2
iγ5U
−
αβ(p, s) , (19)
where the λ±3
2
and λ±5
2
are the pole residues or the current-baryon coupling constants, the
spinors U±α (p, s) and U
±
αβ(p, s) satisfy the Rarita-Schwinger equations (6p−M±)U±α (p, s) =
0 and (6 p − M±)U±αβ(p, s) = 0, and the relations γαU±α (p, s) = 0, pαU±α (p, s) = 0,
γαU±αβ(p, s) = 0, p
αU±αβ(p, s) = 0, U
±
αβ(p, s) = U
±
βα(p, s), which are consistent with re-
lations γαJ iα(0) = γ
αηiα(0) = 0, γ
αJ iαβ(0) = γ
αηiαβ(0) = 0, γ
βJ iαβ(0) = γ
βηiαβ(0) = 0.
At the hadron side, we insert a complete set of intermediate charmed baryon states
with the same quantum numbers as the current operators J/ηα(x), iγ5J/ηα(x), J/ηαβ(x)
and iγ5J/ηαβ(x) into the correlation functions Παβ(p) and Παβµν(p) to obtain the hadronic
representation [26, 27]. We isolate the pole terms of the lowest charmed baryon states with
positive parity and negative parity, and obtain the results:
Παβ(p) = λ
+
3
2
2 6p+M+
M2+ − p2
(
−gαβ +
γαγβ
3
+
2pαpβ
3p2
− pαγβ − pβγα
3
√
p2
)
+λ−3
2
2 6p−M−
M2− − p2
(
−gαβ +
γαγβ
3
+
2pαpβ
3p2
− pαγβ − pβγα
3
√
p2
)
+ · · · ,
= Π 3
2
(p2) (−gαβ) + · · · , (20)
6
Παβµν(p) = λ
+
5
2
2 6p+M+
M2+ − p2
[
g˜µαg˜νβ + g˜µβ g˜να
2
− g˜µν g˜αβ
5
− 1
10
(
γαγµ +
γαpµ − γµpα√
p2
− pαpµ
p2
)
g˜νβ
− 1
10
(
γαγν +
γαpν − γνpα√
p2
− pαpν
p2
)
g˜µβ + · · ·
]
+λ−5
2
2 6p−M−
M2− − p2
[
g˜µαg˜νβ + g˜µβ g˜να
2
− g˜µν g˜αβ
5
− 1
10
(
γαγµ +
γαpµ − γµpα√
p2
− pαpµ
p2
)
g˜νβ
− 1
10
(
γαγν +
γαpν − γνpα√
p2
− pαpν
p2
)
g˜µβ + · · ·
]
+ · · · ,
= Π 5
2
(p2)
gµαgνβ + gµβgνα
2
+ · · · , (21)
where g˜µν = gµν− pµpνp2 . The currents J/ηα(0), J/ηαβ(0) also have non-vanishing couplings
with the spin J = 12 and J =
1
2 ,
3
2 charmed baryon states, respectively, we choose the tensor
structures gαβ and gµαgνβ + gµβgνα for analysis, the baryon states with the spin
1
2 and
3
2
have no contaminations [25].
In calculations, we have used two summations over the polarizations s in the spinors
U±α (p, s) and U
±
αβ(p, s) [28],∑
s
UαUβ = (6p+M±)
(
−gαβ +
γαγβ
3
+
2pαpβ
3p2
− pαγβ − pβγα
3
√
p2
)
, (22)
∑
s
UµνUαβ = (6p+M±)
{
g˜µαg˜νβ + g˜µβ g˜να
2
− g˜µν g˜αβ
5
− 1
10
(
γµγα +
γµpα − γαpµ√
p2
− pµpα
p2
)
g˜νβ
− 1
10
(
γνγα +
γνpα − γαpν√
p2
− pνpα
p2
)
g˜µβ − 1
10
(
γµγβ +
γµpβ − γβpµ√
p2
− pµpβ
p2
)
g˜να
− 1
10
(
γνγβ +
γνpβ − γβpν√
p2
− pνpβ
p2
)
g˜µα
}
, (23)
and p2 =M2± on mass-shell.
We obtain the hadronic spectral densities at the hadron side through dispersion rela-
tion,
ImΠj(s)
pi
= 6p
[
λ+j
2
δ
(
s−M2+
)
+ λ−j
2
δ
(
s−M2−
)]
+
[
M+λ
+
j
2
δ
(
s−M2+
)−M−λ−j 2δ (s−M2−)] ,
= 6p ρ1j,H(s) + ρ0j,H(s) , (24)
where j = 32 ,
5
2 , the subscriptH denotes the hadron side, then we introduce the exponential
function exp
(− s
T 2
)
to depress the continuum state contributions to obtain the QCD sum
rules at the hadron side,∫ s0
m2c
ds
[√
sρ1j,H(s) + ρ
0
j,H(s)
]
exp
(
− s
T 2
)
= 2M+λ
+
j
2
exp
(
−M
2
+
T 2
)
, (25)
where the s0 are the continuum thresholds and the T
2 are the Borel parameters [25]. From
Eq.(25), we can see that the 32
−
and 52
−
charmed baryon states have no contaminations
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according to the special combination
√
sρ1j,H(s) + ρ
0
j,H(s). On the other hand, we can
obtain the QCD sum rules for the charmed baryon states with negative parity,∫ s0
m2c
ds
[√
sρ1j,H(s)− ρ0j,H(s)
]
exp
(
− s
T 2
)
= 2M−λ
−
j
2
exp
(
−M
2
−
T 2
)
. (26)
The contributions of the 32
±
and 52
±
charmed baryon states can be separated unambigu-
ously. In this article, we will focus on the Λc and Ξc states with positive parity.
At the QCD side, we calculate the light quark parts of the correlation functions Παβ(p)
and Παβµν(p) with the full light quark propagators Sij(x) in the coordinate space
Sij(x) =
iδij 6x
2pi2x4
− δijmq
4pi2x2
− δij〈q¯q〉
12
+
iδij 6xmq〈q¯q〉
48
− δijx
2〈q¯gsσGq〉
192
+
iδijx
2 6xmq〈q¯gsσGq〉
1152
− igsG
a
αβt
a
ij(6xσαβ + σαβ 6x)
32pi2x2
− 1
8
〈q¯jσµνqi〉σµν + · · · ,
(27)
and take the full c-quark propagator Cij(x) in the momentum space,
Cij(x) =
i
(2pi)4
∫
d4ke−ik·x
{
δij
6k −mc −
gsG
n
αβt
n
ij
4
σαβ(6k +mc) + (6k +mc)σαβ
(k2 −m2c)2
−g
2
s(t
atb)ijG
a
αβG
b
µν(f
αβµν + fαµβν + fαµνβ)
4(k2 −m2c)5
+ · · ·
}
, (28)
fαβµν = (6k +mc)γα(6k +mc)γβ(6k +mc)γµ(6k +mc)γν(6k +mc) , (29)
q = u, d, s, tn = λ
n
2 , the λ
n is the Gell-Mann matrix [27]. In Eq.(27), we retain the term
〈q¯jσµνqi〉 originates from the Fierz re-arrangement of the 〈qiq¯j〉 to absorb the gluons emit-
ted from the other quark lines to form 〈q¯jgsGaαβtamnσµνqi〉 to extract the mixed condensate
〈q¯gsσGq〉. Then we compute the integrals both in the coordinate space and momentum
space to obtain the correlation functions Πj(p
2), and obtain the QCD spectral densities
through dispersion relation,
ImΠj(s)
pi
= 6p ρ1j,QCD(s) + ρ0j,QCD(s) , (30)
where j = 32 ,
5
2 , the explicit expressions of the QCD spectral densities ρ
1
j,QCD(s) and
ρ0j,QCD(s) are shown in the Appendix. In this article, we carry out the operator product
expansion up to the vacuum condensates of dimension 10 and take into account the con-
densates, which are vacuum expectations of the operators of order O(αks) with k ≤ 1, in a
consistent way. In calculations, we observe that only the vacuum condensates 〈q¯q〉, 〈s¯s〉,
〈αsGGpi 〉, 〈q¯gsσGq〉, 〈s¯gsσGs〉, 〈q¯gsσGq〉2, 〈q¯gsσGq〉〈s¯gsσGs〉 have contributions.
Once the analytical expressions of the QCD spectral densities ρ1j,QCD(s) and ρ
0
j,QCD(s)
are obtained, we take the quark-hadron duality below the continuum thresholds s0 and
introduce the exponential function exp
(− sT 2 ) to depress the continuum state contributions
to obtain the QCD sum rules:
2M+λ
+
j
2
exp
(
−M
2
+
T 2
)
=
∫ s0
m2c
ds
[√
sρ1j,QCD(s) + ρ
0
j,QCD(s)
]
exp
(
− s
T 2
)
. (31)
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We derive Eq.(31) with respect to 1
T 2
, then eliminate the pole residues λ+j and obtain
the QCD sum rules for the masses of the charmed baryon states with JP = 32
+
and 52
+
,
M2+ =
− dd(1/T 2)
∫ s0
m2c
ds
[√
sρ1j,QCD(s) + ρ
0
j,QCD(s)
]
exp
(− sT 2 )∫ s0
m2c
ds
[√
sρ1j,QCD(s) + ρ
0
j,QCD(s)
]
exp
(− s
T 2
) . (32)
3 Numerical results and discussions
The input parameters at the QCD side are taken to be the standard values 〈q¯q〉 =
−(0.24 ± 0.01GeV)3, 〈s¯s〉 = (0.8 ± 0.1)〈q¯q〉, 〈q¯gsσGq〉 = m20〈q¯q〉, 〈s¯gsσGs〉 = m20〈s¯s〉,
m20 = (0.8 ± 0.1)GeV2, 〈αsGGpi 〉 = (0.33GeV)4 at the energy scale µ = 1GeV [26, 27, 29],
mc(mc) = (1.275 ± 0.025)GeV and ms(µ = 2GeV) = (0.095 ± 0.005)GeV from the Par-
ticle Data Group [30]. Furthermore, we set mu = md = 0 due to the small current quark
masses. We take into account the energy-scale dependence of the input parameters from
the renormalization group equation,
〈q¯q〉(µ) = 〈q¯q〉(Q)
[
αs(Q)
αs(µ)
]4
9
,
〈s¯s〉(µ) = 〈s¯s〉(Q)
[
αs(Q)
αs(µ)
] 4
9
,
〈q¯gsσGq〉(µ) = 〈q¯gsσGq〉(Q)
[
αs(Q)
αs(µ)
] 2
27
,
〈s¯gsσGs〉(µ) = 〈s¯gsσGs〉(Q)
[
αs(Q)
αs(µ)
] 2
27
,
mc(µ) = mc(mc)
[
αs(µ)
αs(mc)
] 12
25
,
ms(µ) = ms(2GeV)
[
αs(µ)
αs(2GeV)
] 4
9
,
αs(µ) =
1
b0t
[
1− b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (33)
where t = log µ
2
Λ2
, b0 =
33−2nf
12pi , b1 =
153−19nf
24pi2
, b2 =
2857− 5033
9
nf+
325
27
n2
f
128pi3
, Λ = 213MeV,
296MeV and 339MeV for the flavors nf = 5, 4 and 3, respectively [30], and evolve all
the input parameters to the optimal energy scales µ to extract the masses of the charmed
baryon states.
In the heavy quark limit, the Q-quark serves as a static well potential and combines
with a light quark q to form a heavy diquark in color antitriplet, or combines with a light
antiquark q¯ to form a heavy meson in color singlet (meson-like state in color octet), or
combines with a light diquark εijkqi q′j to form a heavy baryon in color singlet (triquark
9
in color triplet),
qj +Qk → εijk qj Qk ,
q¯j +Qk → q¯j δjkQk (q¯j λajkQk) ,
εijlqi q′j +Qk → εijl qi q′j δlk Qk (εlkmεijl qi q′j Qk) , (34)
where the i, j, k, l, m are color indexes, the λa is Gell-Mann matrix. The Q-quark serves
as another static well potential and has similar property. Then
εijk qj Qk + εimnq¯′mQ
n → compact tetraquark states ,
εlkmεijl qi q′j Qk + εmnbq′′nQ
b → compact pentaquark states ,
εijk qi q′j Qk +Qq′′ → loose molecular states ,
q¯Q+Qq′ → loose molecular states ,
q¯λaQ+Qλaq′ → molecule− like states . (35)
The three-quark systems qq′Q, four-quark systems qq¯′QQ, five-quark systems qq′q′′QQ
are characterized by the effective heavy quark masses MQ (or constituent quark masses)
and the virtuality V =
√
M2B −M2Q,
√
M2X/Y/Z − (2MQ)2,
√
M2P − (2MQ)2 (or bound
energy not as robust), where the B denotes the conventional baryon states, the X, Y , Z
denote the hidden-charm (bottom) tetraquark quark states, molecular states or molecule-
like states, the P denotes the (molecular) pentaquark states. It is natural to take the
energy scales of the QCD spectral densities to be µ = V .
The effective Q-quark masses MQ have three universal values, which correspond to
(1) the diquark-quark type baryon states εijk qi q′j Qk,
the diquark-antidiquark type tetraquark states εijkεimn qj Qkq¯′mQ
n
,
the diquark-diquark-antiquark type pentaquark states εlkmεijlεmnb qi q′j Qk q′′nQ
b
,
(2) the meson-meson type molecular states q¯QQq′,
(3) the molecule-like states q¯λaQQλaq′,
shown in Eqs.(34-35), respectively, and embody the net effects of the complex dynamics
[25, 31, 32, 33].
We fit the effective Q-quark massesMQ to reproduce the experimental valuesMZc(3900)
andMZb(10610) in the scenario of tetraquark states [31], then we take the Mc and Mb as in-
put parameters, and use the energy scale formula µ =
√
M2X/Y/Z − (2MQ)2,
√
M2P − (2Mc)2,√
M2B −M2c to study the hidden-charm (hidden-bottom) tetraquark states, hidden-charm
pentaquark states and charmed baryon states. We call the energy scale formula em-
pirical, because the energy scale formula was used to study the hidden-charm (hidden-
bottom) tetraquark states and molecular states firstly [31, 32], then it was extended
to study the hidden-charm pentaquark states [25] and charmed baryon states [19, 34].
The energy scale formula works well for the X(3872), Zc(3885/3900), X
∗(3860), Y (3915)
Zc(4020/4025), Z(4430), X(4500), Y (4630/4660), X(4700), Zb(10610), Zb(10650) [35]
2,
Pc(4380), Pc(4450) [25], Λc(2625), Ξc(2815) [19], Ωc(3050), Ωc(3066), Ωc(3090) and Ωc(3119)
[34].
2All the relevant references can be found in Ref.[35].
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In this article, we use the empirical formula µ =
√
M2B −M2c to determine the ideal
energy scales of the QCD spectral densities. If we take the updated value of the effective c-
quark mass Mc = 1.82GeV [36], then the optimal energy scales are µ = 2.2GeV, 2.2GeV,
2.5GeV and 2.5GeV for the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080), respectively. In
calculations, we observe that if the charmed baryon states Λc(2860), Λc(2880), Ξc(3055)
and Ξc(3080) have the quantum numbers (Lρ, Lλ) = (0, 2), the experimental values of the
massesMΛc/Ξc can be reproduced approximately. The currents with the quantum numbers
(Lρ, Lλ) = (2, 0) and (Lρ, Lλ) = (1, 1) couple potentially to the D-wave charmed baryon
states having larger masses than the corresponding charmed baryon states Λc(2860/2880)
and Ξc(3055/3080), so their QCD spectral densities should be calculated at larger energy
scales according to the virtuality V =
√
M2B −M2c , the empirical energy scale formula
µ =
√
M2B −M2c serves as a powerful constraint to satisfy. In Fig.1, we plot the masses
of the charmed baryon states Ξc
(
0, 2; 52
)
, Ξc
(
0, 2; 32
)
, Λc
(
0, 2; 52
)
and Λc
(
0, 2; 32
)
with
variations of the energy scale µ for the central values of the Borel parameters and threshold
parameters shown in Table 1. From the figure, we can see that the predicted masses depend
on the energy scale µ slightly, the acceptable ranges of the energy scale are rather large,
the constraint µ =
√
M2B −M2c is not difficult to satisfy in the present case. On the other
hand, the pole residues increase monotonously and quickly with increase of the energy
scale, it is important to choose the ideal energy scales.
We search for the ideal Borel parameters T 2 and continuum threshold parameters s0
according to the four criteria:
1· Pole dominance at the hadron side, the pole contributions are about (50− 80)%;
2· Convergence of the operator product expansion, the dominant contributions come
from the perturbative terms;
3· Appearance of the Borel platforms, the uncertainties δM/M originate from the
Borel parameters are about (2− 5)% in the Borel windows;
4· Satisfying the energy scale formula.
by try and error, and present the optimal energy scales µ, ideal Borel parameters T 2,
continuum threshold parameters s0, pole contributions and perturbative contributions in
Table 1. In the QCD sum rules for the baryon states, the predicted masses usually increase
monotonously but slowly with increase of the Borel parameters [37], there cannot appear
platforms as flat as that appear in the case of the conventional mesons and tetraquark
states [29, 31]. In this article, we observe that the predicted masses also increase with
increase of the Borel parameters, so we constrain the uncertainties δM/M originate from
the Borel parameters will not exceed 5% in the Borel windows.
From Table 1, we can see that the pole dominance at the hadron side is well satisfied and
the operator product expansion is well convergent, the criteria 1 and 2 (the basic criteria
of the QCD sum rules) are satisfied, so we expect to make reliable predictions. In Ref.[8],
Chen et al study the D-wave heavy baryon states with the QCD sum rules combined
with the heavy quark effective theory, and extract the masses with the pole contributions
≤ 20%, while in the present work, the pole contributions are about (50−80)%. The QCD
spectral densities have the terms ms〈q¯q〉, ms〈s¯s〉, ms〈q¯gsσGq〉, ms〈s¯gsσGs〉, which are
greatly depressed by the small s-quark mass and are of minor importance, the dominant
contributions come from the perturbative terms.
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(Lρ, Lλ) J
P µ(GeV) T 2(GeV2)
√
s0(GeV) pole perturbative
Ξc (0,2)
5
2
+
2.5 1.8− 2.2 3.7 ± 0.1 (46 − 76)% (87− 92)%
Ξc (0,2)
3
2
+
2.5 1.5− 1.9 3.6 ± 0.1 (48 − 81)% (96− 99)%
Λc (0,2)
5
2
+
2.2 1.5− 1.9 3.6 ± 0.1 (53 − 86)% (76− 90)%
Λc (0,2)
3
2
+
2.2 1.2− 1.6 3.4 ± 0.1 (49 − 87)% (88− 99)%
Ξc (2,0)
5
2
+
2.7 1.8− 2.2 3.8 ± 0.1 (47 − 77)% (97− 98)%
Ξc (2,0)
3
2
+
2.7 1.7− 2.1 3.8 ± 0.1 (51 − 81)% (98− 99)%
Λc (2,0)
5
2
+
2.7 1.7− 2.1 3.8 ± 0.1 (52 − 81)% (95− 97)%
Λc (2,0)
3
2
+
2.7 1.7− 2.1 3.8 ± 0.1 (51 − 81)% (96− 97)%
Ξc (1,1)
5
2
+
2.7 1.8− 2.2 3.8 ± 0.1 (50 − 79)% (97− 98)%
Ξc (1,1)
3
2
+
2.7 1.6− 2.0 3.8 ± 0.1 (55 − 84)% (101− 102)%
Λc (1,1)
5
2
+
2.7 1.8− 2.2 3.8 ± 0.1 (50 − 79)% (96− 97)%
Λc (1,1)
3
2
+
2.7 1.6− 2.0 3.8 ± 0.1 (55 − 84)% (100− 100)%
Table 1: The optimal energy scales µ, Borel parameters T 2, continuum threshold param-
eters s0, pole contributions (pole) and perturbative contributions (perturbative) for the
D-wave charmed baryon states.
(Lρ, Lλ) J
P M(GeV) λ(GeV5) (expt) (MeV) [8] (GeV)
Ξc (0,2)
5
2
+
3.09+0.13−0.15 3.73
+0.89
−0.85 × 10−2 3076.94/3079.9 3.05+0.15−0.16
Ξc (0,2)
3
2
+
3.06+0.11−0.13 1.47
+0.37
−0.35 × 10−1 3055.1 3.04+0.15−0.15
Λc (0,2)
5
2
+
2.88+0.18−0.29 2.47
+0.89
−0.92 × 10−2 2881.5 2.84+0.37−0.20
Λc (0,2)
3
2
+
2.83+0.15−0.24 0.84
+0.32
−0.33 × 10−1 2856.1 2.81+0.33−0.18
Ξc (2,0)
5
2
+
3.25+0.10−0.11 1.42
+0.31
−0.27 × 10−1 3.26+0.17−0.15
Ξc (2,0)
3
2
+
3.23+0.10−0.11 2.50
+0.56
−0.50 × 10−1 3.25+0.16−0.14
Λc (2,0)
5
2
+
3.22+0.10−0.12 1.37
+0.30
−0.28 × 10−1 3.28+1.83−0.30
Λc (2,0)
3
2
+
3.22+0.11−0.11 2.50
+0.56
−0.51 × 10−1 3.25+1.72−0.28
Ξc (1,1)
5
2
+
3.23+0.11−0.11 6.02
+1.22
−1.09 × 10−2
Ξc (1,1)
3
2
+
3.22+0.10−0.11 1.53
+0.35
−0.31 × 10−1
Λc (1,1)
5
2
+
3.23+0.10−0.11 6.01
+1.22
−1.09 × 10−2
Λc (1,1)
3
2
+
3.21+0.11−0.11 1.53
+0.35
−0.32 × 10−1
Table 2: The masses and pole residues of the D-wave charmed baryon states, the masses
are compared with the experimental data and other QCD sum rules predictions.
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Figure 1: The masses of the charmed baryon states with variations of the energy scale µ
for the central values of the Borel parameters and threshold parameters shown in Table 1,
where the A, B, C and D correspond to the charmed baryon states Ξc
(
0, 2; 52
)
, Ξc
(
0, 2; 32
)
,
Λc
(
0, 2; 52
)
and Λc
(
0, 2; 32
)
, respectively.
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Figure 2: The masses of the charmed baryon states with variations of the Borel param-
eters T 2, where the A, B, C and D correspond to the charmed baryon states Ξc
(
0, 2; 52
)
,
Ξc
(
0, 2; 32
)
, Λc
(
0, 2; 52
)
and Λc
(
0, 2; 32
)
, respectively, the Expt value denotes the experi-
mental values.
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Figure 3: The masses of the charmed baryon states with variations of the Borel parameters
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Figure 4: The masses of the charmed baryon states with variations of the Borel parameters
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Figure 5: The pole residues of the charmed baryon states with variations of the Borel
parameters T 2, where the A, B, C and D correspond to the charmed baryon states
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Figure 6: The pole residues of the charmed baryon states with variations of the Borel
parameters T 2, where the A, B, C and D correspond to the charmed baryon states
Ξc
(
2, 0; 52
)
, Ξc
(
2, 0; 32
)
, Λc
(
2, 0; 52
)
and Λc
(
2, 0; 32
)
, respectively.
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Figure 7: The pole residues of the charmed baryon states with variations of the Borel
parameters T 2, where the A, B, C and D correspond to the charmed baryon states
Ξc
(
1, 1; 52
)
, Ξc
(
1, 1; 32
)
, Λc
(
1, 1; 52
)
and Λc
(
1, 1; 32
)
, respectively.
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We take into account all uncertainties of the input parameters, and obtain the masses
and pole residues of the D-wave charmed baryon states Λc and Ξc, which are shown
explicitly in Figs.2-7 and Table 2. In Figs.2-7, we plot the masses and pole residues
with variations of the Borel parameters at much larger intervals than the Borel windows
shown in Table 1. In the Borel windows, the uncertainties δM/M originate from the
Borel parameters are very small, about (2−5)%, the Borel platforms exist approximately.
Furthermore, the energy scale formula µ =
√
M2B −M2c is well satisfied. The criteria 3
and 4 are satisfied, now the four criteria are all satisfied.
In Fig.2 and Table 2, we also present the experimental values [1, 30] and predictions
from the QCD sum rules combined with the heavy quark effective theory [8]. The present
predictions are consistent with the experimental values [1, 30] and other QCD sum rules
calculations [8], and support assigning the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080) to
be the D-wave charmed baryon states with the quantum numbers (Lρ, Lλ) = (0, 2) and
JP = 32
+
, 52
+
, 32
+
and 52
+
, respectively. The predictions for the (Lρ, Lλ) = (2, 0) and
(Lρ, Lλ) = (1, 1) D-wave Λc and Ξc states can be confronted to the experimental data in
the future.
4 Conclusion
In this article, we tentatively assign the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080) to
be the D-wave charmed baryon states with JP = 32
+
, 52
+
, 32
+
and 52
+
, respectively, and
study their masses and pole residues with the QCD sum rules in a systematic way by
constructing three-types interpolating currents with the quantum numbers (Lρ, Lλ) =
(0, 2), (2, 0) and (1, 1), respectively. As the currents couple potentially to both the positive
parity and negative parity baryon states, we separate the contributions of the 32
±
and 52
±
charmed baryon states unambiguously, and the QCD sum rules do not suffer from the
contaminations of the charmed baryon states with negative parity. We carry out the
operator product expansion up to the vacuum condensates of dimension 10 in a consistent
way, and use the empirical energy scale formula to determine the optimal energy scales of
the QCD spectral densities to extract the hadron masses. The present predictions support
assigning the Λc(2860), Λc(2880), Ξc(3055) and Ξc(3080) to be the D-wave baryon states
with the quantum numbers (Lρ, Lλ) = (0, 2) and J
P = 32
+
, 52
+
, 32
+
and 52
+
, respectively.
The predictions for the masses of the (Lρ, Lλ) = (2, 0) and (1, 1) D-wave Λc and Ξc states
can be confronted to the experimental data in the future.
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Appendix
The explicit expressions of the QCD spectral densities ρ0j,QCD(s) and ρ
1
j,QCD(s),
ρ0j,QCD(s) = mc ρ
0;Ξc/Λc
j,Lρ,Lλ
(s) ,
ρ1j,QCD(s) = ρ
1;Ξc/Λc
j,Lρ,Lλ
(s) , (36)
ρ0;Ξc5
2
,2,0
(s) =
1
69120pi4
∫ 1
xi
dx (9x2 + 34x+ 132)(1 − x)4(s− m˜2c)4
+
5ms〈s¯s〉 − 2ms〈q¯q〉
96pi2
∫ 1
xi
dxx2(1− x)2(s− m˜2c)2
+
ms〈q¯gsσGq〉
36pi2
∫ 1
xi
dxx(3x− 4)(1 − x)(s− m˜2c)
+
ms〈s¯gsσGs〉
216pi2
∫ 1
xi
dxx(31 − 27x)(1 − x)(s − m˜2c)
− m
2
c
51840pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(9x2 + 34x+ 132)(1 − x)4
x3
(s− m˜2c)
+
1
34560pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(9x2 + 34x+ 132)(1 − x)4
x2
(s− m˜2c)2
+
1
6912pi2
〈αsGG
pi
〉
∫ 1
xi
dx (9x2 + 20x+ 46)(1 − x)2(s − m˜2c)2
+
〈q¯gsσGq〉〈s¯gsσGs〉
72
δ(s −m2c) , (37)
ρ1;Ξc5
2
,2,0
(s) =
1
69120pi4
∫ 1
xi
dxx(27x2 + 55x+ 128)(1 − x)4(s− m˜2c)4
+
5ms〈s¯s〉 − 2ms〈q¯q〉
288pi2
∫ 1
xi
dxx2(9x− 1)(1 − x)2(s− m˜2c)2
+
ms〈q¯gsσGq〉
72pi2
∫ 1
xi
dxx(18x2 − 17x+ 1)(1 − x)(s− m˜2c)
+
ms〈s¯gsσGs〉
216pi2
∫ 1
xi
dxx(−81x2 + 70x− 4)(1 − x)(s− m˜2c)
− m
2
c
51840pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(27x2 + 55x + 128)(1 − x)4
x2
(s− m˜2c)
+
1
6912pi2
〈αsGG
pi
〉
∫ 1
xi
dxx(27x2 + 23x+ 40)(1 − x)2(s− m˜2c)2
+
5〈q¯gsσGq〉〈s¯gsσGs〉
432
δ(s −m2c) , (38)
20
ρ0;Ξc5
2
,0,2
(s) =
1
4608pi4
∫ 1
xi
dxx(3x − 2)(1 − x)4(s− m˜2c)4
+
ms〈s¯s〉 − 2ms〈q¯q〉
96pi2
∫ 1
xi
dxx2(1− x)2(s − m˜2c)2
+
m2c
3456pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(2− 3x)(1 − x)4
x2
(s − m˜2c)
+
1
2304pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(3x− 2)(1 − x)4
x
(s − m˜2c)2
+
1
768pi2
〈αsGG
pi
〉
∫ 1
xi
dxx2(1− x)2(s− m˜2c)2
+
〈q¯gsσGq〉〈s¯gsσGs〉
72
δ(s −m2c) , (39)
ρ1;Ξc5
2
,0,2
(s) =
1
4608pi4
∫ 1
xi
dxx2(9x+ 1)(1 − x)4(s− m˜2c)4
+
ms〈s¯s〉 − 2ms〈q¯q〉
288pi2
∫ 1
xi
dxx2(9x− 1)(1 − x)2(s− m˜2c)2
− m
2
c
3456pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(9x+ 1)(1− x)4
x
(s− m˜2c)
+
1
2304pi2
〈αsGG
pi
〉
∫ 1
xi
dxx2(9x− 1)(1 − x)2(s− m˜2c)2
+
5〈q¯gsσGq〉〈s¯gsσGs〉
432
δ(s −m2c) , (40)
ρ0;Ξc5
2
,1,1
(s) =
1
13824pi4
∫ 1
xi
dx (3x2 + 8x− 3)(1 − x)4(s− m˜2c)4
+
3ms〈s¯s〉 − 2ms〈q¯q〉
96pi2
∫ 1
xi
dxx2(1− x)2(s− m˜2c)2
+
ms〈q¯gsσGq〉
48pi2
∫ 1
xi
dxx(2x− 1)(1 − x)(s− m˜2c)
−5ms〈s¯gsσGs〉
432pi2
∫ 1
xi
dxx(3x− 1)(1 − x)(s− m˜2c)
− m
2
c
10368pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(3x2 + 8x− 3)(1 − x)4
x3
(s− m˜2c)
+
1
6912pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(3x2 + 8x− 3)(1 − x)4
x2
(s − m˜2c)2
+
1
4608pi2
〈αsGG
pi
〉
∫ 1
xi
dx (6x2 + 10x− 1)(1 − x)2(s− m˜2c)2 , (41)
21
ρ1;Ξc5
2
,1,1
(s) =
1
13824pi4
∫ 1
xi
dxx(9x2 + 14x+ 2)(1 − x)4(s − m˜2c)4
+
3ms〈s¯s〉 − 2ms〈q¯q〉
288pi2
∫ 1
xi
dxx2(9x− 1)(1 − x)2(s− m˜2c)2
+
ms〈q¯gsσGq〉
288pi2
∫ 1
xi
dxx(36x2 − 21x+ 1)(1 − x)(s− m˜2c)
+
ms〈s¯gsσGs〉
432pi2
∫ 1
xi
dxx(−45x2 + 23x− 1)(1 − x)(s − m˜2c)
− m
2
c
10368pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(9x2 + 14x+ 2)(1 − x)4
x2
(s− m˜2c)
+
1
4608pi2
〈αsGG
pi
〉
∫ 1
xi
dxx2(18x+ 11)(1 − x)2(s− m˜2c)2 , (42)
ρ0;Ξc3
2
,2,0
(s) =
1
3072pi4
∫ 1
xi
dx (4x+ 33)(1 − x)4(s− m˜2c)4
+
7ms〈s¯gsσGs〉 − 6ms〈q¯gsσGq〉
24pi2
∫ 1
xi
dxx(1− x)(s− m˜2c)
− m
2
c
2304pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(4x+ 33)(1 − x)4
x3
(s − m˜2c)
+
1
1536pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(4x+ 33)(1 − x)4
x2
(s − m˜2c)2
+
1
768pi2
〈αsGG
pi
〉
∫ 1
xi
dx (8x+ 31)(1 − x)2(s− m˜2c)2
+
3〈q¯gsσGq〉〈s¯gsσGs〉
32
δ(s −m2c) , (43)
22
ρ1;Ξc3
2
,2,0
(s) =
5
3072pi4
∫ 1
xi
dxx(4x+ 9)(1 − x)4(s − m˜2c)4
+
25ms〈s¯s〉 − 10ms〈q¯q〉
16pi2
∫ 1
xi
dxx2(1− x)2(s− m˜2c)2
+
ms〈q¯gsσGq〉
4pi2
∫ 1
xi
dxx(7x− 4)(1 − x)(s− m˜2c)
+
ms〈s¯gsσGs〉
24pi2
∫ 1
xi
dxx(33 − 64x)(1 − x)(s − m˜2c)
− 5m
2
c
2304pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(4x+ 9)(1 − x)4
x2
(s− m˜2c)
+
1
768pi2
〈αsGG
pi
〉
∫ 1
xi
dxx(34x+ 35)(1 − x)2(s− m˜2c)2
+
5〈q¯gsσGq〉〈s¯gsσGs〉
96
δ(s −m2c) , (44)
ρ0;Ξc3
2
,0,2
(s) =
1
1024pi4
∫ 1
xi
dx (3 − 4x)(1− x)4(s− m˜2c)4
− m
2
c
768pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(3− 4x)(1 − x)4
x3
(s− m˜2c)
+
1
512pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(3− 4x)(1 − x)4
x2
(s− m˜2c)2
+
3〈q¯gsσGq〉〈s¯gsσGs〉
32
δ(s −m2c) , (45)
ρ1;Ξc3
2
,0,2
(s) =
7
1024pi4
∫ 1
xi
dxx(4x+ 1)(1 − x)4(s− m˜2c)4
+
5ms〈s¯s〉 − 10ms〈q¯q〉
16pi2
∫ 1
xi
dxx2(1− x)2(s− m˜2c)2
− 7m
2
c
768pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(4x+ 1)(1 − x)4
x2
(s− m˜2c)
+
5
128pi2
〈αsGG
pi
〉
∫ 1
xi
dxx2(1− x)2(s− m˜2c)2
+
5〈q¯gsσGq〉〈s¯gsσGs〉
96
δ(s −m2c) , (46)
23
ρ0;Ξc3
2
,1,1
(s) =
1
768pi4
∫ 1
xi
dx (x− 3)(1− x)4(s− m˜2c)4
−ms〈s¯gsσGs〉
48pi2
∫ 1
xi
dxx(1− x)(s − m˜2c)
− m
2
c
576pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(x− 3)(1 − x)4
x3
(s− m˜2c)
+
1
384pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(x− 3)(1 − x)4
x2
(s− m˜2c)2
+
1
1024pi2
〈αsGG
pi
〉
∫ 1
xi
dx (8x − 5)(1 − x)2(s− m˜2c)2 , (47)
ρ1;Ξc3
2
,1,1
(s) =
1
768pi4
∫ 1
xi
dxx(8x + 7)(1− x)4(s− m˜2c)4
+
15ms〈s¯s〉 − 10ms〈q¯q〉
16pi2
∫ 1
xi
dxx2(1− x)2(s− m˜2c)2
+
5ms〈q¯gsσGq〉
16pi2
∫ 1
xi
dxx(3x − 1)(1 − x)(s − m˜2c)
+
ms〈s¯gsσGs〉
48pi2
∫ 1
xi
dxx(11− 38x)(1 − x)(s − m˜2c)
− m
2
c
576pi2
〈αsGG
pi
〉
∫ 1
xi
dx
(8x+ 7)(1 − x)4
x2
(s− m˜2c)
+
1
1024pi2
〈αsGG
pi
〉
∫ 1
xi
dxx(44x + 15)(1 − x)2(s− m˜2c)2 , (48)
ρ0;Λc5
2
,2,0
(s) = ρ0;Ξc5
2
,2,0
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ0;Λc5
2
,0,2
(s) = ρ0;Ξc5
2
,0,2
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ0;Λc5
2
,1,1
(s) = ρ0;Ξc5
2
,1,1
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ1;Λc5
2
,2,0
(s) = ρ1;Ξc5
2
,2,0
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ1;Λc5
2
,0,2
(s) = ρ1;Ξc5
2
,0,2
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ1;Λc5
2
,1,1
(s) = ρ1;Ξc5
2
,1,1
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 , (49)
24
ρ0;Λc3
2
,2,0
(s) = ρ0;Ξc3
2
,2,0
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ0;Λc3
2
,0,2
(s) = ρ0;Ξc3
2
,0,2
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ0;Λc3
2
,1,1
(s) = ρ0;Ξc3
2
,1,1
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ1;Λc3
2
,2,0
(s) = ρ1;Ξc3
2
,2,0
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ1;Λc3
2
,0,2
(s) = ρ1;Ξc3
2
,0,2
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 ,
ρ1;Λc3
2
,1,1
(s) = ρ1;Ξc3
2
,1,1
(s) |ms→0, 〈s¯s〉→〈q¯q〉, 〈s¯gsσGs〉→〈q¯gsσGq〉 , (50)
m˜2c =
m2c
x , xi =
m2c
s .
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